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2 Lie Lie
Lie Lie Borel-Siebenthal ([11)
$[5.].\text{ }$
$\mathfrak{g}’$ compact Lie $\overline{\mathfrak{g}}$ Lie g’ rankg’ $\leq \mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}\mathrm{g}$
$\mathfrak{g}’$ Lie $\mathfrak{g}$
$t\subset \mathfrak{g}$
$\mathrm{t}^{\mathrm{C}}\text{ }\mathfrak{g}^{\mathrm{c}_{\text{ }}}$ Cartan $\mathrm{g}$ I
compact $\mathfrak{g}$ Int(9) $\langle, \rangle$ .
$\alpha\in \mathrm{t}$ g
$\mathfrak{g}_{a}=\{X\in \mathfrak{g}^{\mathrm{C}}|[H, X]=\sqrt{-1}\langle\alpha, H\rangle X(H\in \mathrm{t})\}$











subsystem $H\in$ { subsystem $H\#$
$H^{\#}=\{\alpha\in\Delta(\mathrm{g})|\langle\alpha, H\rangle\in 2\pi \mathrm{Z}\}$
Lie :
$\mathrm{g}(H^{\#})=(\mathrm{t}^{\mathrm{C}}+\sum_{\#\alpha\in H}\mathfrak{g}\alpha \mathrm{I}\mathrm{n}_{9}$ .
$H\#$ $\mathrm{g}(H\#)$ $\mathrm{t}$
21(B-S [1]) compact Lie Lie g’ $H\in \mathrm{t}$
$\sqrt$ $\mathfrak{g}(H\#)$ Int(g)
$H\in \mathrm{t}$ Lie $\mathrm{g}(H^{\#})$ $\mathrm{g}$
$\Pi(\mathrm{g})=\{\alpha_{1}, \ldots, \alpha_{r}\}$ $\Delta(\mathfrak{g})$ $-\alpha_{0}$ $\triangle(\mathrm{g})$
$- \alpha_{0}=\sum_{1i=}mi\alpha fi$ ,
14
m, $\Pi(\mathfrak{g})\iota\mathrm{h}\mathfrak{g}$ Dynkin $\text{ }\tilde{\Pi}(\mathrm{g})=\{\alpha_{0}, \alpha_{1}..’\ldots, \alpha_{r}\}$ $\mathfrak{g}$
Dynkin $H_{i}(1\leq i\leq r)\in$ {
$\langle\alpha_{i},\cdot H_{j}\rangle=2\pi\delta ij$
22 $(\mathrm{B}- \mathrm{S}[1])(\mathrm{I})$ m, $i$ $\mathfrak{g}((H_{i}/r\gamma\iota_{i})\#)$
Lie $\mathfrak{g}((H_{i}/mi)\#)\text{ }\tilde{\Pi}(9)-\{\alpha_{i}\}$ $(H_{i}/m_{i})\#$
(II) $m_{i}=1$ $i$ # $\mathfrak{g}((H_{i}/2)\#)$ Lie
$\mathfrak{g}((H_{i}/m_{i})\#)$ 1 $\Pi(\mathrm{g})-\{\alpha_{i}\}$ $(H_{i}/m_{i})\#$
Lie Lie – Int(g)
compact Lie Lie
Lie Int $(\mathfrak{g})$ Aut(g)
$\mathrm{A}\mathrm{u}\mathrm{t}(\tilde{\square }(\mathfrak{g}))$ II(g)
2.3 $\mathrm{A}\mathrm{u}\mathrm{t}(\tilde{\Pi}(\mathfrak{g}))$ $\mathfrak{g}$
$\mathrm{L}\mathrm{o}\mathrm{o}\mathrm{s}[12]$ Ch VII Proposition 1.4
1 compact Lie Lie
$\mathfrak{g}’$ \sim $\sqrt$’ Int(g) $\mathrm{B}\circ \mathrm{u}\mathrm{r}\mathrm{b}\mathrm{a}\mathrm{k}\mathrm{i}[2]$
22 $H_{i}$ Lie Aut(g)
23 Hl/m’ $H_{j}/2$ $\mathrm{A}\mathrm{u}\mathrm{t}(\tilde{\Pi}(\mathfrak{g}))$
24 Lie $\mathfrak{g}$ Lie $\mathrm{A}\mathrm{u}\mathrm{t}(\mathfrak{g})$
Int(g)
N(t) z(t) Int (g) { $Z(\{)$
$N(\{)$ $W(9)=N(\{)/z(\mathrm{t})$ $\mathfrak{g}$ $\mathrm{A}\mathrm{u}\mathrm{t}(\tilde{\Pi}(\mathfrak{g}))\cap$
$W(\mathfrak{g})$ $\mathrm{A}\mathrm{u}\mathrm{t}(\tilde{\Pi}(\mathfrak{g}))$ Int(g) Lie
$\mathrm{A}\mathrm{u}\mathrm{t}(\tilde{\Pi}(\mathfrak{g}))\cap W(\mathfrak{g})$ $\mathfrak{g}=e_{6}$
$\mathrm{A}\mathrm{u}\mathrm{t}(\tilde{\Pi}(\mathfrak{g}))$ $\{\alpha_{0}, \alpha_{1}, \alpha_{6}\}$ 3 $\mathfrak{S}_{3}$
- - $\mathrm{A}\mathrm{u}\mathrm{t}(\tilde{\square }(\mathfrak{g}))\cap W(\mathfrak{g})$
$\sigma$ $(\alpha_{1}, \alpha_{0}, \alpha 6)$ $\sigma$
$\mathrm{A}\mathrm{u}\mathrm{t}(\tilde{\Pi}(\mathfrak{g}))\cap W(\mathfrak{g})$
$\sigma \mathfrak{g}((H_{1}/2)^{\#})=\mathfrak{g}((H_{6}/2)^{\#})$ , $\sigma \mathfrak{g}((H_{2}/2)\#)=\mathfrak{g}((H_{5/}2)^{\#})$ ,
$\sigma \mathfrak{g}((H_{3}/2)^{\#})=_{9((H_{2}}/2)^{\#})$ .
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$\ovalbox{\tt\small REJECT}_{2}\mathrm{C}_{r}\mathrm{b}_{r}\mathfrak{a}_{r}(\mathrm{I}\mathrm{I})\frac{\frac{\mathrm{R}\oplus \mathfrak{a}_{r-1}}{\mathfrak{D}_{r}\mathfrak{D}i\oplus \mathrm{b}\mathrm{R}\oplus \mathrm{b}a_{1^{\oplus a_{1}\oplus \mathrm{b}_{r-2}}}\mathfrak{c}_{i}\mathrm{R}\oplus*_{-}1\oplus\oplus \mathrm{c}_{r}-(irr_{i}-i-1(i=3,,r-1)--1,,[\mathfrak{a}r-i(i=2,,[\frac{r+1}{2}\frac{r}{2}])])}}{\mathrm{R}\oplus \mathfrak{a}_{t}-1}(((\mathrm{I}(\mathrm{I})H_{i}/\mathrm{I}\mathrm{I})Hr/\mathrm{I}\mathrm{I})H_{i}/)H_{1}/H_{f}/2H2/2H_{1}/Hi/22222$
$0_{r}\mathrm{H}^{(\mathrm{I}}(\mathrm{I}\mathrm{I}))$ $H_{r-1}/2H_{1}H_{2}/H_{i}//222$ $|_{\frac{}{\mathrm{R}\oplus \mathfrak{a}_{r-1}}}^{\frac{\mathfrak{a}_{1}\oplus \mathfrak{a}_{1}\oplus 0r-2}{0_{i}\oplus 0_{r-}i(i=3,\ldots,[\frac{r}{2}])}} \frac{}{\mathrm{R}\oplus 0r-1}$
$\ovalbox{\tt\small REJECT} \mathfrak{g}_{2}(\mathrm{I})\frac{\mathfrak{a}_{2}}{a_{1}\oplus a_{1}}\frac{}{a_{8}}\mathrm{f}4\mathrm{e}\mathfrak{e}_{8}7\frac{a_{2}\oplus a_{5}}{a_{7}}\mathfrak{e}{}_{6}H(\mathrm{I}\mathrm{I}(\mathrm{I}\mathrm{I}(\mathrm{I}((\mathrm{I})H_{3}/3(\mathrm{I})\mathrm{I}))H_{5}))H1^{/}/2H_{1}H^{/}H_{4}H2/3H_{1}/2H8^{/3}/HH_{2}H1/2H_{7}/2HH_{1}H_{2}2^{/3}724/2/5/3///322222\frac{}{\mathrm{b}_{4}}\frac{}{\mathrm{O}_{2}\oplus \mathrm{O}_{2}}\frac{}{\mathrm{O}_{1}\oplus \mathrm{C}a_{1}\oplus \mathrm{C}_{7}3}\frac{}{\mathfrak{a}_{2}\oplus e_{6}}\frac{}{\mathfrak{a}_{4}\oplus a_{4}}\frac{}{0_{8}\mathrm{R}\oplus \mathfrak{e}6}\frac{\frac{\mathfrak{a}_{2}\oplus \mathfrak{a}_{2}\oplus \mathfrak{a}_{2}}{\mathrm{R}\oplus 0a_{1}\oplus 0_{6}5}}{}\frac{a_{1}\oplus a_{5}}{}$
1: compact Lie Lie
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2.5 (1) $\mathfrak{g}=a_{n}$
$( \frac{H_{i}}{2})^{\#}\sim(\frac{H_{n+1-\hat{l}}}{2})^{\#}$ $(1 \leq i\leq[n/2])$ .
(2) $\mathfrak{g}=\mathrm{c}_{n}$
. $( \frac{H_{i}}{2})^{\#}\sim(\frac{H_{n-i}}{2})^{\#}$ $(1\leq i\leq[n/2])$ .
(3) g=on
$( \frac{H_{i}}{2})^{\#}\sim(\frac{H_{n-i}}{2})^{\#}$ $(2 \leq i\leq[n/2])$ , $( \frac{H_{n-1}}{2})^{\#}\sim(\frac{H_{n}}{2})^{\#}$ .
(4) $\mathfrak{g}=\epsilon_{6}$
$( \frac{H_{1}}{2})^{\#}\sim(\frac{H_{6}}{2})^{\#}$ , $( \frac{H_{2}}{2})^{\#}\sim(\frac{H_{3}}{2})^{\#}\sim(\frac{H_{5}}{2})^{\#}$ .
(5) $\mathfrak{g}=$ c7
$( \frac{H_{3}}{3})^{\#}\sim(\frac{H_{5}}{3})^{\#}$ , $( \frac{H_{1}}{2})^{\#}\sim(\frac{H_{6}}{2})^{\#}$ .
26 Dynkin
(1) $\triangle=B_{n},$ $C_{n}$ , E7 ’– Dynkin
(2) \Delta =E6 $\mathrm{D}\mathrm{y}_{\mathrm{I}1}\mathrm{k}\mathrm{i}\mathrm{n}$ 3 63
- – $\mathrm{D}\mathrm{y}_{\mathrm{I}1}\mathrm{k}\mathrm{i}\mathrm{n}$ \mbox{\boldmath $\sigma$}
\mbox{\boldmath $\sigma$}
(3) \Delta =An
Aut $(\tilde{\Pi})\cong \mathrm{D}_{n}=\mathrm{Z}_{n}\cdot \mathrm{Z}_{2}$( ), Aut $(\tilde{\Pi})\cap \mathrm{A}\mathrm{d}(\triangle)\cong \mathrm{z}n$
(4) $\triangle=D_{n}(n\geq 5)$ Dynkin , $f_{2},$ $f_{3}$.
.
$f_{1}$ : $\alpha_{0}rightarrow\alpha_{1},$ $\alpha_{i^{\vdash}}arrow\alpha i(2\leq i\leq n);f_{1}^{2}=1$,
$f_{2}$ : $\alpha_{n-1}rightarrow\alpha_{n},$ $\alpha_{i}\mapsto\alpha_{i}(0\leq i\leq r\iota-2)-;f_{2}21=,$ $f1f2=_{f2}f1$ ,
$f_{3}$ : $\alpha_{i}rightarrow\alpha_{n-i}(0\leq i\leq n),$ $f_{3}^{2}=1$ .
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Dynkin
$\{1, f1,.f_{2}, f_{3},f1f2, f_{2}f\mathrm{s}, f_{1f}\mathrm{s}, f1f2f_{3}\}$
$\alpha_{1},$ $\alpha_{n-1},$ $\alpha_{0},$ $\alpha_{n}$ $\mathrm{D}_{4}$
$\mathrm{A}\mathrm{u}\mathrm{t}(\tilde{\Pi})$ ..
$n$
$=$ { $1$ , fif2, $f_{\mathrm{s}},$ $f_{1}f2f_{3}$ }, $=\{f_{1}, f2, f_{1}f3, f2f_{3}\}$ ,
$n$
$=\{1, f1f_{2}, f2f3, f1f_{3}\}$ , $=\{f1, f_{2}, f_{3,f1}f2f_{3}\}$
(5) \Delta =D4 Aut $(\tilde{\Pi})\cong 6_{4}\text{ }$
$\mathrm{A}\mathrm{u}\mathrm{t}(\tilde{\Pi})\cap \mathrm{A}\mathrm{d}(\triangle)=\{1,$
:
$n$ — (dihedral grouP) $\mathrm{D}_{n}$
$\sigma,$
$\tau\in \mathrm{D}_{n}$




$\sigma$, \tau $\mathrm{D}_{n}$ $(\mathrm{D}_{n})=2n$
$\mathrm{D}_{n}=\{\sigma^{i}\tau;ij--0,1, \cdots, n-1;j=0,1\}$ .
$\mathrm{Z}_{n}\cong\{\sigma^{i};i=0,1, \cdots, n-1\}$ $\mathrm{D}_{n}$ $\mathrm{Z}_{2}\cong\{\tau^{j};j=0,1\}$ $\mathrm{D}_{n}$
$\{\sigma^{i}\tau^{j};i=0,1, \cdots, n-1;j=0,1\}\cap\{\mathcal{T}^{j};j=0,1\}=\{1\}$







Helgason [6] Ch IX Theorem 5.10
32 Lie –
Lie $\mathfrak{g}$ $\mathfrak{g}$ Int $(\mathfrak{g})$
$\mathfrak{g}$ { $\mathrm{t}$ $=\mathfrak{g}^{\mathrm{C}}$
$\mathfrak{l}=\mathrm{t}^{\mathrm{C}}+\alpha\in\triangle\sum_{(s)}\mathfrak{g}_{\alpha}$
$\{X_{\alpha}|\alpha\in\triangle(\mathfrak{g})\}$
1. \alpha \in \Delta (g) $X$ \in g $[X_{\alpha}, X_{-\mathrm{Q}}]=\sqrt{-1}\alpha$
2. $\alpha,$ $\beta,$ $\alpha+\beta\in\Delta(\mathfrak{g})$ \alpha , \beta [$X_{\alpha}$ , X.$\beta$ ] $=N_{\alpha,\beta}X_{\alpha}+\beta$ $N_{\alpha,\beta}$ $N_{\alpha,\beta}=$
$-N_{-\alpha,-\beta}$ ,.




$\mathrm{t}\text{ }\mathfrak{g}_{n}$ \tau $\tau$ $\mathfrak{g}_{n}$
$\mathrm{f}_{n}=\mathfrak{g}_{n}\cap \mathfrak{g}$ , $\mathfrak{p}_{n}=\mathfrak{g}_{n^{\cap(\sqrt{-1}}}\mathfrak{g})$
$\mathfrak{g}_{n}--$ $+\mathfrak{p}_{n}$







$c_{\tau_{\theta}}$ $C_{7}^{0}\theta$ $G$ Lie K $G_{\theta}^{0}\subset K\subset G_{\theta}$
$(G,.K)$ $G$ \theta Riemann
$\langle, \rangle$ $\langle, \rangle$ M=G/K $G$ Riemann
$G$ Riemann $\langle, \rangle$ M Riemann
$\langle, \rangle$ Riemann
Riemann
Riemann $M=$ G/K \mbox{\boldmath $\pi$} :G\rightarrow M
$g\in G$ $[g]=\pi(g)$
$\mathfrak{g}$
$\mathrm{e}$ $G$ K Lie $G$ \theta $\mathfrak{g}$
\theta $G$ Riemann $\langle, \rangle$ $\mathfrak{g}$
















$\mathfrak{a}$ $\mathrm{m}$ $a$ $\mathfrak{g}$ { $=\mathfrak{a}$
32
20
G’ $G$ Lie G’ Lie \swarrow $\mathfrak{g}$
G’ $\mathfrak{g}’$ $a$
$D\subset\Delta_{+}(\mathfrak{g})$
$\mathfrak{g}’=(\mathrm{Q}+\sum_{\alpha\in D}\mathrm{R}\sqrt{-1}(x+\alpha\alpha))+\sum_{\alpha\in D}X_{-}\mathrm{R}(x-\alpha X_{-})\alpha$
.
g’ \theta $G’/(K\cap G’)$ M
$G’/(K\cap G’)$ G’
M Lie triple system 5 $\mathrm{m}$
Lie triple system $\mathfrak{g}(g)=g+[s,s]$ Lie
5 $\mathfrak{a}$ $D\subset\triangle+(\mathfrak{g})$
$\mathfrak{g}(\mathrm{B})=$ ( $a+ \sum_{\in\alpha D}\mathrm{R}\sqrt{-1}$($X$ $+x_{-\alpha})$ ) $+ \sum_{\alpha\in D}\mathrm{R}(X_{\alpha}-x_{-}\alpha)$
$\mathfrak{g}(s)$ $\mathfrak{g}(\mathfrak{s})$ Lie G’
G’ Lie $G’/(K\cap G’)$ Lie triple system $\mathfrak{s}$
$\mathfrak{g}$ i Borel-Siebenthal
$\mathfrak{g}_{\mathit{8}}$ 1 3











$A_{r}=SU(r+1)/SO(r)$ , $\mathfrak{B}_{r}=SO(r+1)/S(O(r)\cross O(r+1))$ ,
$\mathrm{C}_{r}=Sp(r)/U(r)$ , $\prime \mathcal{D}_{r}=SO(r)/S(O(r)\cross O(r))$ ,
$\mathcal{E}_{6}$ : $(\mathrm{t}_{6^{g}\mathfrak{p}(4)},)$ , $\mathcal{E}_{7}$ : $(\mathfrak{e}_{7},5\mathrm{U}(8))$ ,
$\mathcal{E}_{8}$ : $(_{C_{8}}, \mathfrak{s}o(16))$ ,
i: $(\mathrm{f}_{4},\mathfrak{s}\mathfrak{p}(3)+g\mathrm{u}(2))$ ,
$\mathrm{g}_{2}$ : $(\mathfrak{g}_{2},\mathfrak{s}\mathrm{u}(2)+\mathfrak{s}\mathrm{u}(2))$ .
21
M$M=A_{r}$ :
$(G, K)=(SU(r+1), SO(r+.1))\backslash$ $\theta$ : $Garrow G;g\mapsto {}^{t}g^{-1}=\overline{g}$
$G_{\theta}=K$ . $\mathfrak{g}=\mathrm{t}+\mathrm{m}$
$\mathrm{m}=\{\sqrt{-1}X|X\in \mathfrak{g}.t(r+1, \mathrm{R}), \mathrm{t}\mathrm{r}(x)=0,tX=x\}$ .
$\mathrm{m}$ $a$
$a= \{\sqrt{-1}\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(x1, \cdots, X)n|\sum_{i=1}Xi=n0, x_{i}\in \mathrm{R}\}$.
$\alpha_{kl}\in a$
$\langle\alpha_{kl}, H\rangle=x_{k}-x_{l}$ for $H= \sqrt{-1}\sum x_{i}E_{ii}\in \mathfrak{a}$ .











$f$ : $S^{1}\cross A_{r-1}arrow A_{r}$ ;






$\{$ ($\exp(\frac{2\pi\sqrt{-1}}{r}m)$ , $[ \exp(-\frac{2\pi\sqrt{-1}}{r}m)E_{r}]$ ) $|m=0,1,$ $\ldots,$ $r-1\}$ .
$H=2$ :
$f$ : $A_{i-1}\cross \mathcal{A}_{r-i}\cross S1arrow\backslash A_{r}$ ;
$([x], [y], \exp(\sqrt{-1}\theta))\mapsto[(^{\exp(}-(n-i\mathrm{o})\sqrt{-1}\theta)x\exp(\sqrt{-1}i\theta)0y)]$
$f^{-1}(SO(r+1))$ $m$ $0\leq m\leq i(r+1-i)-1$







$G_{\theta}$ $=$ $\{\in O(2r)\}$
$=$ $\{|\iota_{aa}+{}^{t}bb=E_{r},{}^{t}ba={}^{t}ab\}$
$C\mathrm{r}\theta$ $U(r)$ –
$G_{\theta}\cong U(r);rightarrow a+\sqrt{-1}b$ .
$\mathfrak{g}=$ $\{X\in \mathrm{u}(2r)|J_{n}X=-^{t}XJ_{n}\}$
$=$ $\{(-\frac{X_{11}}{X_{12}}-^{t}X_{11}x_{1}2)|X_{11}\in \mathrm{u}(r),X_{12}\in \mathfrak{g}1(r, \mathrm{R}),tX12=X_{12}\}$
$\mathfrak{g}$ $n(2n+1)$










$\langle\alpha_{ij}, H\rangle=x_{i}+x_{j},$ $\langle\beta_{ij}, H\rangle=x_{i}-x_{j}$ for $H=$ $-1 \sum x_{i}(E_{ii}-E_{n+i,i}n+)$ .
.. $i=1$
$H=\sqrt{-1}\Sigma_{i=1}^{n}X_{i}(Eii-En+i,n+i)$
$[H, E_{n+i_{\}}j}+En+j,i]$ $=$ $-\sqrt{-1}\langle\alpha_{i}j, H\rangle(En+i,j+En+j,i)$ $(i\leq j)$ ,
$[H, E_{i,n+j}+E_{j,i}+]n$ $=$ $\sqrt{-1}\langle\alpha_{ij}, H\rangle(E_{i,n+j}+E_{j,i}n+)$ $(i\leq j)$ ,
$[H, E_{ij}-E_{n}+j,n+i]$ $=$ $\sqrt{-1}\langle\beta ij, H\rangle(Eij-En+j,n+i)$ $(i\neq j)$
$\Delta(\mathfrak{g})=\{, \pm\alpha_{ij}|1\leq i\leq j\leq n\}\cup\{\pm\beta_{ij}|1\leq i<j\leq n\}$
$\alpha$
$\Pi(\mathfrak{g})=\{\alpha_{1}=\beta_{1}2, \alpha 2=\beta_{\mathit{2}3,n-}\ldots, \alpha 1=\beta n-1,n’\alpha_{n}=\alpha_{n,n}\}$
$\Delta_{+}(\mathfrak{g})=\{\alpha_{ij}|1\leq i\leq j\leq n\}\cup\{\beta_{ij}|1\leq i<j\leq n\}$
$\{$
$\alpha_{ij}$ $=$ $\sum$ $\alpha_{k}+2$ $\sum$ $\alpha_{k}+\alpha_{n}$ $(i\neq j)$ ,
\leq k $<j$ $j\leq k<n$















$f$ : $S^{1}\mathrm{x}A_{r-1}arrow \mathrm{G}_{r}$ ;
$(\exp(\sqrt{-1}\theta), [g])\mapsto[]$ ,
$f^{-1}(U(n))= \{(\exp(\frac{2\pi l}{r(r-1)}\sqrt{-1}),$ $| \exp(\frac{2\pi l}{r}\sqrt{-1})E_{r}|)|l=1,2,$ $\cdots,$ $r(r-1)\}$ .
$M=$ : $(G, K)=(SO(2r), S(o(r)\cross o(r)))$
$\theta$ : $Garrow G;g\mapsto I_{r,r}gI_{r,r}$ , $I_{r,r}=$
\theta $G_{\theta}=K$ . $\mathfrak{g}=\mathrm{f}+\mathrm{m}$
$\mathrm{m}=\{|Z\in \mathfrak{g}\text{ }$$(r, \mathrm{R})\}$
$\mathrm{m}$ $\mathfrak{a}$
$a= \{H(x_{1,r}\ldots X)=\sum_{i=1}xri(E_{i,n}+i-E_{n+i,i})|x_{i}\in \mathrm{R}\}$ .
$F_{ab}=E_{a}b^{-}E_{ba}$ $(1 \leq a, b\leq b)$






$\langle\alpha_{ij}, H\rangle=xi-Xj$ , $\langle\beta_{ij}.’ H\rangle=xi+X_{j}$
$\Delta(\mathfrak{g})=\{\alpha_{ij}|1\leq i\neq j\leq n\}\cup\{\pm\beta ij|1\leq i<j\leq n\}$
$\Pi(\mathfrak{g})=\{\alpha 1=\alpha 12, \alpha \mathit{2}=\alpha_{\mathit{2}}\mathrm{s}, \cdots, \alpha 1=n-\alpha_{n-1,n}, \alpha_{n}=\beta_{n-1},n\}$




$\sum_{i\leq k<i}\alpha_{k}$ $(1 \leq i<j\leq n)$
,
. $\cdot$ ..
$\beta_{in}$ $=$ $\alpha_{i}+\cdots+\alpha_{n-}2+\alpha_{n}$ $(1\leq i\leq n-1)$ ,
$\beta_{ij}$ $=$
$\sum_{i\leq k<j}\alpha k..+2\sum_{1j\leq k<n-}\alpha k+\alpha_{n-}1+\dot{\alpha}_{n}$
$(1\leq i<j\leq n)$
\alpha o






$f$ : $S^{2}\cross S\mathit{2}\cross \mathcal{D}r-2arrow \mathcal{D}_{r}$;
$([],$$[],$ $[])\mapsto[]$
$z_{i}=a_{i}+b_{1}\sqrt{-1},$ $w_{i}=ci$ $+d_{i}\sqrt{-1}$ $(i=1,2)$ ,$=$.
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$f^{-1}(S(o(n)\cross O(n)))$
$\{\text{ },$$([],$$[],$ $S(o(n-2)\cross O(n-2))\mathrm{I}\}\cdot$
$H= \frac{H_{i}}{2}$




$f$ : $S^{1}\cross \mathcal{D}_{r-1}arrow \mathcal{D}_{r}$ ;
$(\exp(\sqrt{-1}\theta),$$[])\mapsto[]$ ,
$f^{-1}(S(o(n)\cross O(n)))=\{(\pm 1, S(O(n-1)\cross O(n-1)))\}$ .
$H= \frac{H_{n-1}}{2}$ :
$f$ : $S^{1}\cross A_{r-1}arrow \mathcal{D}_{r}$ ;
$(\exp(\sqrt{-1}\theta), [g])\mapsto[]$
$f^{-1}(S(o(n)\cross O(n)))$ $m$ $m=0,1,$ $\cdots,$ $r-1$




$\theta:Garrow G;g\mapsto I_{r,r+1}gI_{r,r}$, $I_{r,r}=$
$\theta$ $G_{\theta}=K$ . $\mathfrak{g}=\mathrm{f}+\mathrm{m}$
$\mathrm{m}=\{|Z\in M(r, r+1;\mathrm{R})\}$ .
28
$\mathrm{m}$ $a$
$a= \{H(X1,.\cdots X)n=i=1\sum^{n}xi(Ei,n+.i^{-}.E+i,i)n.|xi\in \mathrm{R}\}$.
$F_{ab}=E_{ab}-E_{ba}$ $(1 \leq a, b\leq b)$







$\langle\alpha_{ij}, H\rangle=x_{i}-x_{j}$ , $\langle\beta_{i}j, H\rangle=xi+x_{j}$ , $\langle\epsilon_{i}, H\rangle=x_{i}$
$\triangle(\mathfrak{g})=\{\alpha_{ij}|1\leq i\neq j\leq n\}\cup\{\pm\beta_{ij}|1\leq i<\dot{j}\leq n\}\cup\{\pm\epsilon_{i}|1\leq i\leq n\}$
$\Pi(\mathfrak{g})=\{\alpha_{1}=\alpha 12, \alpha \mathit{2}=\alpha 23, \cdots, \alpha-1=\alpha nn-1,n’ n\alpha=\epsilon_{n}\}$
$\triangle_{+}(\mathfrak{g})=\{\alpha_{ij}, \beta ij|1\leq i<j\leq n\}\cup\{\epsilon i|1\leq i\leq n\}$
$\{$
$\alpha_{ij}$ $=$ $\sum\alpha_{k}$ $(1 \leq. i<j\leq n)$ ,
$\beta_{ij}$ $=$ $i \leq k\sum_{i\leq k<j\prime}^{<j}\alpha k+2\sum_{nj\leq k\leq}\alpha_{k}$ $(1\leq i<j\leq n)$ ,
$\epsilon_{i}$













$\{\text{ },$$([],$ $[],$ $S(O(n-2)\cross O(n-2))\mathrm{I}\}$
$H=- H_{\Delta}2$ :













$f^{-1}(S(o(n)\cross O(n\neg+1)))=\{(\pm 1, S(O(n-1)\cross O(n)))\}$.
35 $g_{i}=a+ \sum_{\gamma\in\triangle_{i}}\mathfrak{m}_{\gamma}(i=1,2)$ Lie triple system $\mathfrak{s}_{1}k\epsilon_{2}$
$G$ \mbox{\boldmath $\sigma$} $\in \mathrm{A}\mathrm{d}(\Delta)$
$\sigma(\Delta_{1})=\triangle_{2}$






$g\in G$ $g\mathrm{E}\mathrm{x}\mathrm{p}\mathfrak{s}1=\mathrm{E}\mathrm{x}\mathrm{p}\mathfrak{s}_{2}$ go, $\mathit{0}\in \mathrm{E}\mathrm{x}\mathrm{p}\mathcal{B}_{2}$
$g0\in G$
$g_{0}go=\mathit{0}$ , $g_{0}\mathrm{E}_{\mathrm{X}}\mathrm{P}^{5_{\mathit{2}}}=\mathrm{E}_{\mathrm{X}}\mathrm{p}\mathrm{B}\mathit{2}$ .









$L$ Lie $L$ Lie $G$ Lie
$\rho$ : $Larrow G$ $P(\rho)--(L\mathrm{x}L)\mathrm{x}_{\rho}G$ $L$ $L\mathrm{x}L$ $G$
$L$ $L\cross L$ $G\text{ }\dot{\text{ }_{ }}$ Wang $\text{ }’([16]$
[10] $)$ $P(\rho)$ $L\cross L$ –




– A $\in \mathrm{H}\mathrm{o}\mathrm{m}_{\rho}(\{, 9)$ \Omega
$2 \Omega(X,Y)=[\Lambda(X),\Lambda(Y)]-\frac{1}{4}\rho([X, \mathrm{Y}])$ for $X,$ $Y\in$ $\{$
31
$0$ $\text{ }\pm_{\frac{1}{2}}\rho^{\text{ }}$
$(\pm)$ A A
Lie p: $Larrow G$ $g\in G$ \rho ’(x) $=g\rho(x)g^{-}1(x\in L)$ $L$ $G$




$\rho=\rho_{1}+\rho_{2}$ : ( $arrow \mathfrak{g}$ \rho $i=1,2$ \rho ’ : $\text{ }arrow \mathfrak{g}$
[$\rho_{1}(\text{ }),$ $p2([)]=\{0\}$ $\rho=0+\rho=\rho+0$ \rho
A \rho 1 $= \frac{1}{\mathit{2}}\rho-\Lambda,$ $p_{2}= \frac{1}{\mathit{2}}\rho+\Lambda$ $\rho=\rho_{1}+\rho_{2}$ \rho ([7])
A $s=\Lambda(\mathfrak{l})$ C\sim Lie triple system A A
Lie triple system . $\cdot$
41 $2\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}(L)>\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}(G)$ $(\pm)$
A $\mathfrak{s}=\Lambda(1)\subset \mathfrak{g}l\mathrm{h}$ Lie triple system
42 $\Lambda$ , A’ A $($ [$)$ =A’( ) A’ $=\pm\Lambda$
:principal &dimensional subalgebra Dynkin [4, Chap. III, \S 9, No. 29]




$[H, E_{\pm}]=\pm 2E_{\pm}$ , $[E_{+}, E_{-}]=H$.
$\mathfrak{g}$ $(, )$ $\mathfrak{g}$ Cartan $\mathrm{t}$ 2
(canonical inner $\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{d}\mathrm{u}\mathrm{C}\mathrm{t}$) $\mathfrak{g}$ \Pi \Pi $=\{\alpha_{i}\}_{i=1}^{r}$ A $\in \mathrm{H}\mathrm{o}\mathrm{m}_{\rho}(1, \mathfrak{g})$
$\text{ }\mathrm{A}\in\in \mathrm{H}\mathrm{o}\mathrm{m}(\rho_{\rho}[], \mathfrak{g})^{C}$
$(\rho(H), \alpha_{\dot{v}})=2(1\leq i\leq r)$ . $arrow$
\rho (H) $\mathrm{t}$ A(H) $\in \mathrm{t}$ . $[p(H), \Lambda(E_{\pm})]=\pm 2\Lambda(E_{\pm})$
$\Lambda(.\cdot E_{+})=\sum_{=i1}xiE_{\alpha:}r$ , $\Lambda(E_{-})=\sum_{=i1}y_{i}r.E-\alpha_{i}$ .




$\rho(H)=[p(E_{+}), p(E-)]--\sum_{=i1}piq_{i}(E\alpha i’ E-\alpha i)\alpha i$ .
$[\rho(E_{+}), \Lambda(H)]=-2\Lambda(E_{+})$
$- \sum_{i=1}^{f}p_{i}(a_{i}, \Lambda(H))E_{\alpha_{i}}=\sum_{i=1}^{r}pi[E_{\alpha_{i}}, \Lambda(H)]=-2\sum_{i=1}^{r}X_{i\alpha_{i}}E$
$x_{i}= \frac{1}{2}p_{i}(\alpha i,\Lambda(H))$ , $\Lambda(E_{+})=\frac{1}{2}\sum_{i=1}p_{i}r(\alpha_{i}, \Lambda(H))E_{\alpha_{i}}$ .
(E-), $\Lambda(H)]=2\Lambda(E_{-})$
$\sum_{i=1}^{r}qi(\alpha i,\Lambda(H))E-\alpha_{i}\sum_{=1}=qi[E_{-}\mathrm{Q}i’(\Lambda H)]=2ir\sum i=1ryiE-\alpha_{i}$
$y_{i}= \frac{1}{2}q_{i}(_{\mathit{0}_{i},\Lambda}(H))$ , $\Lambda(E_{-})=\frac{1}{2}\sum^{r}i=1qi(\alpha i, \Lambda(H))E_{-O_{i}}$ .
$\Lambda(H)=[\rho(E+), \Lambda(E_{-})]$
$\Lambda(H)=\frac{1}{2}-\sum_{i=1}p_{iq}ri(\alpha_{i}, \Lambda(H))[E_{\alpha_{i}-}, EO_{*}.]=\frac{1}{2}\sum_{i=1}rpiqi(\alpha_{i},\Lambda(H))(E_{\alpha-\alpha}i’ E):\alpha_{i}$
( $[\rho(E$-), $\Lambda(E_{+})]=-\Lambda(H)$ )
$0=$ $[\rho(E_{+}), \Lambda(E_{+})]$
$=$ $\frac{1}{2}\sum_{i,j}pipj(\alpha_{j}, \Lambda(H))[E_{\alpha_{i\alpha_{\mathrm{j}}}}, E]$
$=$ $\frac{1}{2}\sum_{i<j}pipj(\alpha_{j}, \Lambda(H))[Eai’\alpha_{j}E]+\frac{1}{2}\sum i>jpipj(\alpha_{j},\Lambda(H))[E\alpha_{i}’ F\mathrm{Y}j]$
$=$ $\frac{1}{2}\sum_{i<j}pipj\{(\alpha_{j}, \Lambda(H))-(\alpha_{i}, \Lambda(H))\}[E_{\alpha}i’ Ea_{j}]$.
$\alpha_{i}+.\alpha_{j}\in\Sigma\Rightarrow$ ( $\alpha_{i}$ , A $(H)$ ) $=.$( $\alpha_{j}$ , A $(H).$).
$G$
$(\alpha_{i}, \Lambda(H))=$ const $=c$.
$\mathrm{A}(H)=\frac{c}{2}\sum_{i=1}^{r}p_{iq_{i}(}E\alpha_{i}’ E-\alpha_{i})\alpha_{i}=\frac{c}{2}\rho(H)$
A $= \frac{c}{2}\rho$ .
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5 Lie
$G$ Lie Lie $\mathfrak{g}$ $G$ Riemann
$\tilde{G}=G\cross G$ , $\tilde{\mathfrak{g}}=_{9+\mathfrak{g}}$
$\tilde{G}$ Lie \theta
$G^{*}=\{(g,\mathit{9})\in\tilde{G}\},\tilde{\mathrm{e}}=\{(X, X)|X\in \mathfrak{g}\},\tilde{\mathrm{m}}=\{(x, -X)|X\in 9\}$
$G^{*}$ Lie $\text{ }\tilde{t}\text{ _{ }}$ $\mathrm{i}=^{\tilde{\mathrm{g}}+\mathrm{m}(}\text{ }$ )
$\tilde{G}/G^{*}arrow G;(a, b)G^{*}\mapsto ab^{-1}$




1 1 $\mathfrak{g}$ Lie triple sysytem AdG $(G)$ $\tilde{\mathrm{m}}$
$\alpha$
Lie triple sysytem AdG-(G*)
$(\mathrm{A}\mathrm{d}_{G}(g)_{\mathcal{B})=\mathrm{A}\mathrm{d}_{\tilde{c}}}\sim(_{\mathit{9},g})\tilde{z}$
$\mathfrak{g}$ Lie triple sysytem Lie triple sysytem
1 1 $\mathfrak{g}$ Lie triple sysytem 5
$-$.
$\mathfrak{g}(_{\mathrm{B}})=\epsilon+[g,\mathfrak{s}]$
$\mathrm{B}$ Lie triple sysytem $\mathfrak{g}(5)$ $\mathfrak{g}$ $5\cap[5,5]$ $\mathfrak{g}(g)$
$\mathfrak{g}$
$\mathfrak{g}=\mathfrak{g}(\mathcal{B})$ 5 Cartan
Lie triple sysytem $\mathfrak{s}$ 5
$g$ II ( )
$=\tilde{s}+[\tilde{5},\tilde{5}]$
$\mathfrak{g}(\mathfrak{s})$
51 $\mathfrak{g}$ Lie $s\subset \mathfrak{g}$ $\mathfrak{g}$ Lie triple system
5 Lie triple system







54 Lie $G$ I Caran
II $L$ $G$
Lie Lie triple system 5 $L$ $G$
p $P(\rho)$ A $s=\Lambda(()$
.
$L$ $G$ II Lie triple system 5
$f$ : $\text{ }\oplus[\cong\tilde{g}\oplus[\tilde{\mathfrak{s}},\tilde{\mathfrak{s}}]$ (orthogonal symmetric Lie algebra )
\rho : $\text{ }arrow[\ovalbox{\tt\small REJECT},5]\subset \mathfrak{g}$
$f(X, x)=(\rho(X), \rho(X))$ (X\in ).
A: \rightarrow S
$f(X, -X)=(2\Lambda(X), -2\Lambda(x))$ $(X\in$ $()$ .
$f([(X, X), (\mathrm{Y}, -Y)])=[f(X, X), f(Y, -Y)]$ (X, $Y\in 1$)
$[p(X), \Lambda(Y)]=\Lambda([X,\mathrm{Y}])$ $(X, Y\in\text{ })$ ,
A $\in \mathrm{H}\mathrm{o}\mathrm{m}_{\rho}(\mathrm{t}, \mathfrak{g})$
$f([(X, -X), (Y, -Y)])=[f(X, -x), f(Y, -Y)]$ (X, $Y\in 1$)
$p([X, Y])=4[\Lambda(X), \Lambda(Y)]$ $(X, Y\in()$
A $\mathfrak{s}=\Lambda(\mathfrak{l})$
55f Lie $L$ $G$ $2\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}(L)>\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}(G)$
$f(e_{L})=e_{G}$ $f(L)$ $G$ Lie
5.6 Lie $L$ Lie $G$
$f$ $f(e_{L})=e_{G}$ Lie pl, $p_{2}$ : $Larrow G$
\rho 1 $(l_{1})$ $\rho_{2}(l_{2})(\iota_{1}, \iota_{2}\in L)$
$f(x)=\rho_{1}(x)\rho_{\mathit{2}}(x)^{-}1$ $(x\in L)$
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